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Abstract 

Critical Dirac operators are those which have eigenfunctions and/or resonances for E = m. We 
estimate the behavior of the generalized eigenfunctions of critical Dirac operators under small per- 
turbations of the potential. The estimates are done in the L°°-norm. We show that for small k the 
generalized eigenfunctions are in leading order multiples of the respective eigenfunctions and/or res- 
onances. We also estimate the fc-derivatives which are important for estimating decay. The method 
also applies for other differential operators (for example Schrodinger operators). 
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1 Introduction 



Expansion into generalized eigenfunctions of Schrodinger- or Dirac operators is an important technique 
in physics to get control on the time evolution of wave functions. Moreover it was used to establish 
completeness in scattering theory (see for example 0) as well as to establish the so called Flux Across 
Surfaces Theorem which lies at the basis of scattering theory ([31 [251 S 13 II])- Of particular interest 
is however the case which in scattering theory is normally excluded, namely when resonances occur 
and/or there is an eigenvalue on the edge of the continuous spectrum. We say then that the operator 
is critical. Such a critical situation occurs very naturally for the Dirac operator with a very strong time 
dependent external potential which is compactly supported. In this case the famous relativistic effect 
of pair creation can happen. This is best be pictured by considering a time dependent eigenvalue of 
the time dependent Dirac operator. For not so strong fields eigenvalues may lie within the spectral gap 
(— mc 2 , mc 2 ). When the potential adiabatically increases (decreases) an eigenvalue increases (decreases) 
and eventually touches the positive (negative) edge, i.e. ±mc 2 (= k = 0) of the continuous spectrum. 
On the edge the eigenvalue becomes either a resonance or stays an eigenvalue. Generically on the upper 
edge the eigenvalue stays an eigenvalue, while on the lower edge it typically ceases to be an eigenvalue 
( [TT] and [23] for the Schrodinger case). When the potential increases further, the eigenvalue disappears. 

The question then is what happens to the critical bound state, i.e. the state corresponding to the 
eigenvalue on the edge. Does it scatter? If so pair creation is achieved. This situation has been extensively 
studied in the physics literature [TJ Qj|l [H [71 [T5] . It has also been studied in the mathematical physics 
literature [T2J [T31 EH] but the mathematical proof of pair creation was still lacking until recently. In [IB] 
we provide a proof of the effect of pair creation in an adiabatically changing potential where the scattering 
behavior of the critical bound state is controlled by generalized eigenfunctions using the results of the 
present paper in an essential way. This then is the physical setting of the problem studied here. What one 
needs and what we provide here is the control of the behavior of the generalized eigenfunctions around 
and at criticality. The reader should have in mind the stationary phase argument to understand what 
kind of control one needs to control the time evolution of wave functions. One needs upper bounds on the 
L°°-norm on the k— derivatives of the generalized eigenfunctions. The quality of that bound is essential 
for the quality of the bound on the "speed of decay" of the wave function, see e.g. (Jjj below. 

We emphasize that the relevance of this question is by no means restricted to the Dirac operator 
case which we just discussed. While our method can be applied as well to other operators we formulate 
our results and proof for the Dirac case because we have the particular application of pair creation in 
mind. Moreover we shall use the Green's function of the free operator in some essential way, which is 
more complicated in the Dirac case than in the Schrodinger case: The Green's function of the Dirac 
Operator is a matrix- multiple of the Green's function of the Laplacian plus some extra terms. That is 
the Schrodinger case can be handled following the Dirac case by essentially omission of some extra terms. 

Previous works deal exclusively with the resolvent [9] or directly with eigenfunctions [22j at criticality, 
but nothing is known about the behavior in the neighborhood of criticality, which is generically the 
relevant question. 

From these results it is clear that the normalized (which means normalized to delta functions in this 
case) generalized eigenfunctions of a critical potential diverge as k goes to zero. We need to generalize 
this to a family of operators the members of which vary in the neighborhood of a critical potential. In 
fact one should think of the family as arising from the perturbations of a critical potential. We need to 
control the behavior of the generalized eigenfunctions in dependence of k and the perturbation B of the 
critical potential. To be clear the generalized eigenfunctions depend on k and B. 

The main result of this paper is Theorem 13. 4\ where we give an estimate of the i°°-norm of the 
normalized generalized eigenfunctions in dependence of k and B when the critical potential has a bound 
state at the edge. 

The behavior is different from the case when the critical potential has no bound state at the edge. 
The latter situation is also dealt with in this paper. The result is spelled out in Theorem 13. 51 

Recently in [10] a question similar to ours has been asked, namely to estimate the decay of a critical 
bound state. While our method is different, it is more general then [TU] and gives, concerning the decay, 
the same result [2], [T5J, [15] . 

We shall now be more detailed. We shall use units where c = m = H = 1. Furthermore throughout 
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the paper the letters C and C n , n £ No will be used for various constants that need not be identical even 
within the same equation. Finally the absolute value of any vector x £ R 3 shall be denoted by x. 

The one particle Dirac operator D with external potential in the "standard representation" is defined 

by 

3 

Dip = -i^aifyip + Aip + /3ip = (D° + A)ip , (1) 
where the 4 x 4-matrices a/ and (3 are defined via 

a I= (° ;');/?=(; 0;*= 1,2,3 (2) 
with ai being the Pauli matrices 

f 1 \ f 1 \ fo-i 

Vl = ; CT 2 = ) ! ^3 = I 

and 

3 

A = Ao+^a;A ; (3) 
i=i 

for the four potential A^ {A is usually denoted by 4 in the literature). 

Note that ip is a 4- vector valued function and the underlying Hilbert space is H — L 2 (R 3 ) 4 . 
We are interested in the (generalized) eigenfunctions of the Dirac operator, i.e. _L°°-solutions of 

E<p E = Dc/> E (4) 

for E £ R. 

One can show (see Lemma |2~21 below) . that for a rather general class of potentials A any such solution 
solves the so called Lippmann Schwinger equation 

<Mx) = Xb(x) + / G+(x - y)A(y)0 E (y)d 3 y , (5) 

where are the kernels of (E — _D°) _1 = lim^o^ — D° + iS)' 1 and the \e £ L°° are solutions of 

E X e - D° XE . (6) 

Let us heuristically explain the main point of this paper. We are interested in the behavior of the 
L°°-norm of the L°°-solutions of ([5|) with energy E% — zt^/k 2 + 1 for critical potential A plus some 
small perturbation B. The L°°-solutions of ^ for Ek = zt^k 2 + 1 are e lk x multiplied with some (k- 
dependent) spinor. For any kgK 3 and any sign of E there exist two different L°°-normalized xGjk, •) 
(spin degeneration, see [26 ). To distinguish between these different solutions we have introduced the 
spin index j which is 1 or 2 for positive energies and 3 or 4 for negative energies. 

It is already known (see [5]) that for any B and any x(j, k, •) (so for any (k, j) £ R 3 x {1, 2, 3, 4}) there 
exists (up to linearity) exactly one solution (p(A + B,j, k, •) of ([5]). We have (see again [5]) for non-critical 
A + B that 

sup \\4>(A + B, j,k, ^Hoo < oo , 

(kj)6R 3 x{l,2,3,4} 

but for B = (see [§]) 

lim sup \\4>(A,j,]s., -)||oo = oo ■ 

K-*0 ^=1,2, 3,4 

The central part of this paper is to generalize this result and estimate the B and k behavior of \\<p(A + 
B,j, k, ^Hoo f° r (B, k) around (0, 0). We will show, that in the generic case, which means that the Dirac 
operator with potential A has a bound state $ £ L 2 with energy 1 or —1 (for simplicity we give the 
formula in the case that the bound state is non-degenerate) 

Ck 

||^ + B,i > k ) 0IU< Ri ^ yrW pp (7) 
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for some real constants C, C2,Cs uniform in k and B (c.f. Corollarv l3.7|) . 

This result is an important step forward in controlling the propagation of wave functions under the 
influence of critical potentials with small perturbations via eigenfunction expansion. One application of 
this is the decay of the QED vacuum via spontaneous (=adiabatic) pair creation under the influence of 
an adiabatic external potential. Adiabatic pair creation occurs just when the external potential becomes 
overcritical, so (|7|) is useful to estimate the rate and the momentum spectrum of the pairs. 

The paper is organized as follows. In the following section 3 we give the Lippmann Schwinger equation 
adapted to our setting and give some relevant formulas. In section [5] we formulate the main results as well 
as a Corollary which is formulated for a somewhat easier situation and which has to grasp the meaning 
of the main result. In section H] we discuss the physical meaning of the Corollary. Section \E\ gives the 
proof, in section E] we generalize our result to the fc-derivatives of the generalized eigenfunctions which 
are needed to achieve good control on the time evolution of wave functions (stationary phase). Some 
technical details have been put into the appendix. 

2 Solutions of the Lippmann Schwinger Equation 

In view of ([5]) we define 

Definition 2.1 Let B C L°° be the Banach space of functions tending uniformly to zero for x ~ > oo. Let 

for Ae L 1 nL°° and E G K the T§ : L°° -> B be the operator defined by 

ri/(x) := J G E (y)A( X -y)f(x-y)d 3 y 

= - jG+(x-y)A(y)f(y)d 3 y. (8) 

By this definition ((SJ) can be written as 

(l-Ti)^ E (x)= XB (x), (9) 

furthermore 

t£+ b = t£ + t£. (io) 

Note that for \E\ < 1 there exists only the trivial solution of the free Dirac eigenvalue equation ©, hence 
for \E\ < 1 © reads 

(i-t£)4, e = o. (li) 

The proof that T£ maps L°° into B can be found in [5] . 

Lemma 2.2 Let A G L°° n L 1 be Holder continuous of degree one. Then 

(a) Any (/>& G L°° satisfies |^) if and only if (1 — T^)4>e satisfies $Bj), 

(b) for any solution <f>E G B of we have that \E\ < 1 and thus $>e satisfies ill]) . 

(c) for any nontrivial solution <f>E G L°°\B of we have that \E\ > 1 and <&e satisfies (0) with 
nontrivial \E- 

Proof: The statement (a) is well know. Since the proof is short and easy we shall give it now. Let 
A G L°° n L 1 be Holder continuous of degree one. Note that any L°° solution of (J4j> is continuous (even 
partially differentiable, since D° f G L°°). Furthermore Tgf is continuous for any / G L°° (see for 
example [S]), hence any solution of © is continuous. 

By definition of Tg we have for any continuous / G L°° that 

(E - D°)Tif = Js(x- y)A(y)f(y)d 3 y = Af , 
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hence 

(D° - £0(1 - T$)f =(D Q -E + A)f = (D- E)f . 

It follows, that (D - E)f = Q & (D° - E)(l - T£)f = 0. In other words, / is solution of © if and only 
if (1 - T£)S is solution of ®, i.e. / solves © with some xe solving ©. 

The proof of (b) is as follows: Let (fig S B be solution of (J5J. Since maps L°° into 2? it follows that 
Xb(x) G 23. Since there exist no solutions xs( x ) G B of © but the trivial one, it follows that x_e(x) = 0. 
With ([5]) we get (fTTj) . Due to no solutions of (fTTj) exist for the potentials we consider for \E\ > 1 and 
(b) follows. 

For (c) recall that T- maps — » 
mathcalB, hence 6 L°°\B implies that \e & L°°\B, in particular \e is nontrivial. Nontrivial 
solutions of ((6]) exist only for \E\ > 1 and (c) follows. □ 



2.1 Critical Potentials 

In view of Lemma l2~2l we have that for \E\ > 1 there only exist solutions of (j4|) which also solve ((9]) with 
nontrivial xe- For |J3| < 1 there only exist solutions of (UJ) which also solve pT|) . For £7 = ±1 - depending 
on the potential A - both kinds of eigenfunctions may exist. It is known, that generically solutions of ijlj) 
with £J = ±1 also solve © with nontrivial x±i- 

Potentials where the E — ±1 solutions of (jl]) also solve (fTT|) are called critical in the literature. We 
will focus on positive energy only, so "critical" means here, that there is a E = +1 solution of (j4|) which 
solves (TTT1) . All results can be obtained equivalently for negative energies, too (see Remark [ 



Definition 2.3 We call a ^-potential A critical if and only if there exist solutions <I> of 12.2)) with energy 
E = 1 (i.e. (1 — T^)$> — 0). We denote the set of these solutions by Af 

A" := {$ G £ : (1 - if)* = 0} . (12) 

The elements of A/" can be bound states (i.e. L 2 -solutions of (fTT|) ) or so called resonances (i.e. not 
square integrable ^-solutions of (jTTJ)) . Next we shall find a formula which distinguishes between these 
two different cases and which shall play a crucial role later on. 

Let $ e A", i.e. 

*(x) = J G+(y)A( X -y)<S>(x~y)d 3 y . 
The explicit form of G\ can be found in 

G+(x) = le* kx [ -x- x {E k + aj*— + P)~ J2 a i—) ' ( 13 ) 



where fe = -\/i5 2 — 1 (hence £7 = 1 implies = 0). Thus 

r l 3 

$(x) = - / y-\l+f3 + l J2a^)A( X -y)<P(x-y)d 3 y 
J n , =l y 

= - j 1 ^-x-^l+^+ipa^)] A(x-y)c&(x-y)d 
J ^(l + /?)A(x-y)$(x-y)d 3 y 



y 



= : $!(x) + * 2 (x). (14) 

One can show that for large x the $i decays at least as fast as x~ 2 . The heuristics for that is 
rather clear. A decays fast, thus for large x the integrand is negligible if |y — x| ^> 1. Thus the factor 
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y^ 1 — x^ 1 = (x — y)/{xy) is for large x of order x~ 2 , so $i(x) decays at least as fast as x~ 2 . A rigorous 
proof for that is given in the appendix. 

To find out, whether $ G L 2 it is left to control "^(x). The decay of ^(x) depends on the spinor 
components of $(y). Setting 

A(4>) := J (l+/3)A(y)$(y)d 3 y (15) 

there are two alternatives: Either the spinor components of $(y) are such that A(<E>) ^ and thus $2(x) 
is of order a; -1 and thus ^ L 2 or such that A(<I>) = and thus <f> G L 2 . The final result of this paper 
will depend on whether A($) is equal to zero or not, i.e. if <& G L 2 or not. 

This dichotomy can be compared to the results of where the behavior of bound states of an 
almost critical potential is studied. This behavior crucially depends on the fact if A = or not. Further 
explanation how this is related to our results shall be given below. 

Notation 2.4 Below we will restrict ourselves to potentials where either A( < &) = for all $ G Af, or 
A( < &) ^ for all $ G Af . To distinguish between these two cases we define 



A := 



0, if A(<I>) = for all $ G Af; 

1, is A($) ^ for all $ G A". 



This restriction rules out potentials with dimA"" > 2 and A(<&) ^ 0: If dimA/" > 2 one can always find a 
$ G A" such that A(<&) — using linearity of (fT5|) and the fact that the kernel of 1 + (3 is two dimensional 
(hence the image of 1 + [3 is two dimensional so A($) is always an element of a two dimensional subspace 
ofC 4 ). 

3 Generalized Eigenfunctions for Critical Potentials with Small 
Perturbations 

Definition 3.1 For any selfadjoint matrix valued multiplication operator A G L 1 let the (pseudo) scalar 
product (-,A, •) : L°° x L°° — * C be given by 

(f,A,g) := J P( X )A( X )g(x)d 3 x . 

For any K > let the set Wk C L°° n L 1 be given by 

B G Wk <S-Be i°° H L 1 Witt ll $ ll~fll g ll 1 + llfll°°) 2 < A' /or all $ G AT . 

I I 

For any critical A G Z/ 1 PI we define the following subspaces of B 

M 11 := AN := {A<& : <f> G A"} C L 2 

M 1 - := {m i 6B:{m- L ,A,$} = 0V$6JV}. 

In the following we will restrict our observations to critical potentials which satisfy some additional (weak) 
conditions. 

Definition 3.2 Let C be the set of critical potentials defined by A G C if and only if 

(a) A is critical and Holder continuous of degree one, 

(b) (1 + | • \fA G L 1 n L°°, 

(c) AfnM 1 - = {0}, 

(d) either Af C L 2 or Af n L 2 = {0} , 
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(e) either 



J A(x)<f>(x)d 3 x ^ 
(1 - i[3) J A(x)$(x)xd 3 a: ^ 



(16) 
(17) 



Remark 3.3 It is rather clear that either U6\) or |J7[ ) are satisfied for almost every critical potential. 
For example if is a ground state and A is purely electric (=multiple of the unit matrix) and positive, 
the Perron- Frobenius Theorem implies that U6\) holds. 

Furthermore we have for any purely electric, positive critical, "short range" potential (which means 
in our case (1 + | • \) 2 A S L 1 L°° ) that AfOM 1 - = {0}: Obviously ($,A, $) > for any positive electric 
potential A and any <& € Af. Small perturbations do not significantly change ($, A, $). Hence the set of 
critical, "short range" potentials with Af fl M. = {0} is not small. It seems that almost every critical 
"short range" (in the given sense) potential lies in C. 

In this paper we wish to estimate the generalized eigenfunctions of the Dirac operator with potentials 
A + B where A S C and B £ Wk for some (small) K. The generalized eigenfunctions are the respective 
solutions of i.e. solutions of 



(1 - T A +*)<P(A + B, j, k, ■) = X (j, k, •) , 



(18) 



where the x(j\k, •) are the L c 



normalized generalized eigenfunctions of the free Dirac operator with 
holds for j 



momentum k and spin j, Ek — Vk 2 + 1 and the sign + holds for j = 1, 2, the sign — holds for j — 3, 4. 
For "small" B we have - similar as in the B = 0-case (see [9]) that the generalized eigenfunctions are 
of leading order a multiple of some element of Af. Which element may depend on i?,k and j. We will 
estimate the divergent behavior of this element in dependence of B, k and j and the L°°-norm of the 
generalized eigenfunctions minus their leading order A^-part. As mentioned above, that behavior of the 
generalized eigenfunctions depends crucially on the fact is A = or A = 1. It is convenient to give two 
Theorems separating these two different cases. For A = we have 



Theorem 3.4 Let A e C with A = (i.e. Af C L 2 ). 
selfadjoint linear map R : Af — > Af such that for any k S 
there exists a G Af with 



Then there exist constants C, K,k^ > and a 
R 3 with k < ko, j ~ 1,2, any potential B € Wk 



and (c.f. {23); 



I* 



f k ||<c(fc + p?||o 



inf 



PlfB + Rk 2 )§ 



(19) 



\4 ) {A + B l] X-)-^ M \\ 00 <C + Ck{\\B\\ 1 + \\B\\ 00 )[ inf 

\$eAf, ||*||=i 



PlfB + Rk 2 )$ 



(20) 



For A = 1 we have 

Theorem 3.5 Let A 6 C and A = 1 (i.e. Af D L 2 = $). Then there exist constants C,K,ko > 
that for any k 6 K 3 with k < ko, j — 1,2 and any potential B € Wk there exists a & € Af with 



|^ k ||<C inf |<$,B,*)| + |A| 
\*eAT, $ =i 



(21) 



\4,(A + B,j,k,-) - SfkHoo < C(||B||i + Halloo) if , $> | + \k 



(22) 
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Remark 3.6 Note, that for any k£R 3 there exist two linearly independent generalized eigenf unctions 
x(j, k, •) and two linearly independent generalized eigenf unctions X—E k of the free Dirac operator with 
energy iE^ — ±\/l + k 2 . Using CP T- symmetry the Theorem is also valid for potentials A which are 
"critical" in the sense that they have bound states or a resonance with energy — 1. It then gives estimates 
on the generalized eigenf unctions with negative energy (i.e. j = 3,4) of course. 

To make it easier to understand the statement of Theorem 13.41 let us restrict ourselves on potentials 
which can be written as = fiBo for some fixed potential Bo and /i G [— fJ-o, fio\. Bq and /j,q € K + 
are chosen such, that B^ £ Wk for all [i e [— no, fio}. Under these restrictions we get 

Corollary 3.7 Let A E C with A = 0. Let B e L°° n L 1 with ($, B , $) ^ for all $ e M\{0}. Then 
there exist constants C, /iOi &o > o,nd constants ji, I = 1, . . . , n = dimAf such that for any k € K 3 with 
k < ko, j — 1, 2, any /i £ [— /io, Mo] there exists a € Af with 



(23) 



;=i 



\<t>(A + nB ,j ) k,-)-VtJoa<C 



(24) 



Proof: We choose /^o such that ^.Bq S Wk for all /i £ [— /io,Mo]- Hence the assumptions of Theorem 
3.41 hold for small enough and we only need to show that the right hand sides of (TT9"| and (j2"U)) are 
bounded by the right hand sides of (J23J) and (|24"|) respectively. 
For that note that under the given assumptions 



1/iBolli < Cfc + 2||/i5 ||i 



inf 

*gami*h=i 



PlnB + Rk z ) * 



inf KW./iBo,*) 

*eJVM|*|| = l 



(25) 



for appropriate C < oo. This one can prove by considering two different cases. First assume that 
fnf^ eA q|*|| =1 1 (<J>,/iB ,$) I > 2||^|| op fc 2 . It follows that 



inf 

*eAf,||*||=i 



+ fc 3 < 



inf 

*eAM|*||=i 



*,HB ,*)\)<1 inf 



2 *eA/\||*||=i 



and the second summand of (|25p gives an appropriate bound. Assuming that inf^ g jvn5,|| =1 | (<£>, /Lt-Bo; I < 

2||E|| op fc 2 we have for S W A - (c.f. Definition l3~T|) that \\tiB \\l < 2K\\R\\ op k 2 and thus the first sum- 
mand of (|2"5|) gives an appropriate bound. 
Similarly one gets that 



Cfe(||/iB ||i + ||AtBo||c 
<C(|| Mj B ||i + ||m5o| 



inf 

*eAf,||*||=i 



PffUBo + Rk 2 



*e./V\||*||=i 



(26) 



Assuming that inf^ e AA,||*||=i I M^Oi 3>) I > 2||i?|| op fc 2 the formula can be proven as (j2"5)) above, assuming 
that inf^, eA /\||*||=i I (®,tJ-B ,$) \ < 2\\R\\ op k 2 we have 



Cfc(||/iB | 



inf 

*eAA,||*||=i 



< C(||AiBo||i + ||AtBo||oo)fe- 



= C(||/iB ||i + ||^o||oo)fc- 2 < CGImBoIIi + Hm-B. 



0||ooJ 



*eAM|*||=i 



< C 



where we used in the last step that (||-Bo|ji + ||-Bo||oo) (inf* 6 A/\||*||=i |(^> A), ^)|) 1 exists by assumptions 
on B . With that and (J2HI) equation ((MJ) follows. 
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Next we prove ([23]), Using fl25]) in (19|), noting that 

-l 



\HB Q \ 



inf \{V,iiB ,y) 
*eA/\||*||=i 



l-Bol 



*eAA, * =1 



we have 



\^J<C + Ck 



inf 

*£Af,||$||=i 



(27) 



Recall that ($ 5J B ,$) 7^ for all $ e TV\{0}, hence in particular 5$ ^ for all $ G TV\{0}. Thus 
the matrix i?o : TV — *■ TV defined by 

-Bo* = PtfB® 



is invertible. Hence we get for ([23 



1$ 



< C + Ck 



inf 

*eA/\||*||=i 



B [ii + B^Rk 2 ) $ 



inf 

*eJV,||*||=i 



fi + B^Rk 2 $ 



Using that ||B 1 || op < oo and defining the symmetric operator A/ : TV — > TV and the antisymmetric 
operator TV : TV — > TV by 



and 



one gets 



M:=-(B - 1 R+RB - 1 



TV 



Bq ^R— RBq ^) 



|*f k || < C + Cfc 
; C + Cfe 



inf 

4eA/\l|*||=i 



inf 

*eA/\||$||=i 



^ + Alk 2 + Nk 2 ) $ 



ffz + Mfc 2 + TVfc 2 ) $ 



Note that for symmetric M the ^<f>, (fx + Mk 2 j <f>y is real, whereas for antisymmetric TV the TVfc 2 <E> 
is imaginary, hence 



1$ 



i,kl 



inf 

#EAT,||*||=1 



(/x + A?fc 2 ) $ 



Let now {$; : I — 1, . . . ,n — dim TV} be an orthonormal eigenbasis of M., let 7; : I = be the 



respective eigenvalues. Note that the minimum of 



$,(// + Mfc 2 $ 



is always realized for an eigenstate 



of [i + Mk 2 , thus an element of {<&;}. Which element will in general depend on k and /x, thus we have 



$fkll < C + CA: Anf |($/, + MA; 2 ) $, 

n 

< C + CkY^dv + Ji^l + k 3 )' 1 . 



1=1 



□ 
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4 Discussion of the Result 



Before proving the Theorem let us shortly clarify the physical meaning of Corollary 13.71 on a heuristic 
level. 

(a) If A = it may happen that the nominator in the right hand side of (|23| is of order fc 3 (namely 
if [a + jik 2 = for some 1 < I < n). The respective fc's where this happens are usually called 
"resonances of the potential A + B" in the physics literature. Around the resonance the generalized 
eigenfunctions are of order fc~ 2 . 
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Figure 1: Bound states and Resonances (Illustration of (b)) The figure illustrates the position of 
bound states (illustrated by lines, k is imaginary hence k 2 negative) and resonances (dashed lines, k is 
real hence k 2 positive) of the Dirac operator D = D° + A + fiBo, with A, Bq and /z as in Corollary 13. 71 

(b) The results of Corollary 13.71 can also be used to roughly estimate the energy of bound states of 
"almost-critical" potentials A + B. Due to Lemma \2. 21 bound states have energies smaller than 1, 
so the respective k = in is imaginary. Instead of ^ they satisfy (fTTj) , implying that \\4>E h ||oo = oo for 
the respective B and (imaginary) k as one can see as follows. Heuristically speaking: "Normalize" 
(JHJ), i.e. divide ^ on both sides by ||0_B fc |joo- It follows that © and (fTTj) are equivalent if (and only 
if) the right hand side of © divided by ||</>,eJ|oo is equal to zero, hence if H^eJIoo = oo. 

Hence the energy Ek of the I th bound state of the potential A + B satisfies [i + jik 2 ps if A = (see 
solid lines in figure 0]) . This implies, that bound states occur only if the respective /i and 7; have 
different sign. They "live" on different lines with slope 7; through the origin in the fc 2 (« Ek — 1) 
against /Lt-plot (see figured]). 

This estimation is in line with the results of Theorem 1.1 by Klaus (in Klaus' Paper a plays the 
role of A) concerning the behavior of the bound state energies at the threshold: a = 4=> a := \i ~ 
k 2 E = k 2 is not analytic in a (since the next term in the power series is of order k 3 cx cr^ which 
destroys analyticity) ; a 7^ 43- a := /i ~ n E = k 2 is analytic in a. 

This idea is also helpful to find out the sign of the respective 7;: If Bo is such, that there exist 
(don't exist) bound states with energy E K for positive \i with /1 — 72ft 2 ~ 0, the respective 7; is 
positive (negative) (see again figured]). 

There is physics in this: The fact, that there are bound states "living" on different lines comes from 
the fact, that adding the potential Bq may destroy the degeneracy of A (For example, if A was 
purely electric, thus (at least) spin-degenerated, adding a small vector potential Bq will in general 
destroy spin degeneracy) . The degeneracy of the new bound states on each of these "lines" is equal 
to the multiplicity of the respective 7;. 

It follows, that also the "resonances" loose - at least partially - their degeneracy when a general 
potential Bq is added. The estimates (concerning the sum) in Corollarv l3.7l reflect this fact: Each 
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summand represents a "resonance". In this sense one can heuristically guess that the generalized 
eigenfunction is of leading order equal to 



Figure 2: Illustration of the Set Wk for n = 1 and normalized $ 

Wk lies inside two parabolas and is the region where the Theorem applies. On the "Critical Line" are 
potentials with critical A+B (see (c)). Both parabolas and the "critical line" touch in the origin, implying 
heuristically that = 0((||S||i + ||S||oo) 2 ) for critical A + B. 

Due to part (b) one of these two parabolas contains potentials which have bound states, the other one 
contains potentials which have "resonances" (which one, depends on A. For positive, purely electric A 
on can show that the potentials in the lower "parabola" have bound states ). 

(c) Let us explain the meaning of the set Wk (see figure HJ. 

Let A £ C. Disturbing A by a small short range potential B it may happen, that A + B stays 
critical. 

If A + B stays critical, the result of Jensen and Kato gives us, that the respective generalized 
eigenfunctions diverge for k = 0. Looking at (fH?)) it follows that in this case either ($, B, $) = for 
some $ £ AT or that the requirements of Theorem l3.4l are not satisfied, which means that B ^ Wk- 
This fact is a strong requirement on B for the criticality of A+B (see figureH]) for the non-degenerate 

case. Remember that by definition [3J] B £ W K +> < K for all normalized $ £ N <+ 

| | > ir-^HBHi + ||B||oo) 2 . So in the ($,£,$) against ||S|| a + ||B|oo plot, W K lies inside 

two parabolas with curvature +K (see figure H]). 

5 Proof of the Theorem 

The set M 1 - has the interesting property that it is invariant under Tf 4 , a fact which will play a crucial 
role in what follows 

Lemma 5.1 For any A £ C we have that 




where the set {<i>p:l<p<l}isa basis of AT. 




h x £ M 1 - «*■ Tfh 1 - £ M 
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Proof: We show first that for h,g £ B and A, B £ L\ 

(h,A,Tig) = (T£h,B,g) (28) 

by computing 

(h 7 A,TEg) = J ht(x)A(x)T£g(xi)d 3 x 

= J ftt(x)A(x) J G+(x-y)B(y)g(y)d 3 yd 3 x 

= J J h?(x)A( X )G+(x-y)d 3 xB(y)g(y)d 3 y 

\Tlhy(y)B(y)g(y)d 3 y 

= (T£h,B,g) . 

We may apply this to h £ B and g = $ £ Af to obtain 

(h, A, $) = (h, A, T?$) = (T A h, A, $) . 

This equation directly implies the Lemma: If h £ A4 X (which means that (h,A, $) = 0) it follows that 
T^h £ M 1 - (which means (T^h, A, $) = 0) and vice versus. 
□ 

Furthermore we have 
Lemma 5.2 Using the definitions above we have 
(a) 

B = M^®M ± , (29) 

(b) 

B = Af®M ± . (30) 

Remark 5.3 Note that (A$,A,$) > 0, hence A4 11 n M 1 - = {0}. 

Using that A4" n AA^ = {0}, part (a) of the Lemma defines projectors PL and Pj^ with P\^B C A4" , 
P^BcM 1 - andPl+P^ = l. 

Using that Af M 1 - = {0} (see Definition ^. #)) . ffej defines projectors Pfj- and Pj^ with Pjj-B C Af, 
P^B C Af 1 - and p|- + P^ = 1. 

Proof (a), (b) "d" Since M», X^jVcB it follows that B D ® M 1 - and B D JV" © AA^. 

(a) "C" Let / £ B, p = 1 . . . n be a basis of A/". Define the vector / £ R" by f p := (/, A, $ p ) and 
for any g = 1 . . . n the vector $ 9 by <J>£ := (A$ g , A, <J> P ). 

We will show by contradiction that the <£> 9 are linearly independent. Assume that the vectors & q 
are linearly dependent, i.e. that it is possible to find non-trivial complex numbers j q , q = l...n 

such that = 7j ^ 9 - I n other words I A Y?q=i Iq^qi A = for all p = l...n, hence 

AJ2^=ilq®q e M^. Furthermore we have by definition of Al" that A J2^=i Iq^q € Hence 
A4 11 n A4 1 - = {0} implies A£™ =1 lq^ q = (and thus J2q=i 7« $ « = on the support of A). But 
the only eigenfunction which is equal to zero on the support of A is $ = 0, hence Ylq=i Iq^q = 0- 
This contradicts to the fact that the $ g are linearly independent. 

It follows that the vectors § q are linearly independent and thus they form a Basis of C", hence we 
can find complex numbers j q , q — 1 . . . n such that Ylq=i lq ^ q — / ■ Defining /H :— A J2q=i l q ^ q £ 
A4 11 it follows that (f,A,<f> p ) = (fU,A,<f> p ) for anyp = l...n, i.e. := / - /H € Al- 1 . 
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(b) "C" This proof is equivalent to (a) "c". Define / e R" by f p := (/, A, $ p ) and for any q = 1 ... n 
a vector <I> 9 by := (Q q ,A, $ p ). Under the assumption that the <3? 9 are linearly dependent we 
have the existence of non trivial j q such that ^X^g=i 7<? < ^V A Sp=i = for any p — 1 . . . n. 
Since M f\ M 1 - = {0} it follows that Y^q=i Iq^q = which contradicts to the linear independence 



of the 5y 

It follows that the $ 9 are linearly independent, hence we can find complex numbers n f q ,q=\...n 
such that £™ =1 7j $ « - 7. Defining /" := ^=1 7 9 $ 9 € A/" it follows that (/, A, $„) = (/II , A, $ p ) 
for any p=l...n, i.e. := / — /H e Al^. 

□ 

We now arrive at the main Lemma. 

Lemma 5.4 Let A e C. TTien £/iere ezist constants C, C > 0, a selfadjoint sesquilinear map r : AfxAf — > 
C and a anti- selfadjoint sesquilinear map s : N x A/" — > C loit/i s( X , x) 7^ /or a// % € A/" smc/i tftaf /or any 
k e M 3 wif/i fc < 1, any potential B with B £ L 1 n any normalized m 1 e Al x and any normalized 



I ($, A, (1 - T^rO I < Cdl^lU + IIBHOCA* + fc 2 ) , 

- r#+ B )m- L || 00 > C - C'(Afc + fc 2 + ||B||i + ||B||oo) , 
11^(1 - < + >lloc < C(Xk + k 2 + WBh + \\B\U , 

(§,A(i-J^ fl )*) - (a>,B,vi/) + r(a>,vi/)fc 2 



+ir($, A(*))fc + «($, *)fc 3 + o(fc J ) + ||B||i(AO(fc) + O(r)) . 



Proof: 

The proof is given in the Appendix. 
□ 

Using this Lemma we can estimate the inverse of 1 — T A ^ B . 
Lemma 5.5 Let A e C. Then there exist constants 

C,C',K,ko > 0, Co,Ci € R, a selfadjoint sesquilinear map r : TV x A/" — > C and an anti- selfadjoint 
sesquilinear map s : J\f x A/" — > C wif/i s(x,x) 7^ / or all X € N suc/i i/iai /or any normalized $ € A/", 
any keR 3 k < k n , any potential B e % t/iere ermfc a normalized >P ejV smc/i f/iai 

H^la - < C f sup I ( X , B, *) + r( X , *)fc 2 - ik( X , A, A(*)) + s( X , *)fc 3 |^) 



XGAr,|| x || = l 



and 

11^/(1 - T4 +B )- 1 ( J 4$)|| 0O < C(Afc + k 2 + \\B\U + \\B\U 

( sup \{x,B^)+r(x^)k 2 -ik{x,A,\{^))+s{x^)k z \ ) . (31) 
\xeJV,|| x ||=i / 

Furthermore we have that for any normalized m eM 1 i/iere exists a normalized f G A/' smc/i £/iat 

HP^l-T^-^IU (32) 

<C|Afc + fc 2 |( sup |( X ,B,*)+r(x,vI/)fc 2 - J A : ( X ,AA(vI/))+ S (x,*)fc 3 | j 
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and 

WP^l-T^y^UKC. (33) 

Proof: Let A € C. Choose ko and K (there will be further restrictions on ko and K below, so the final 
ko and K may at the end be smaller) such that there exists a C > such that 

\\PM0--T^ B )h x \\ oo >C (34) 

for any h G M. , any k£l 3 with k < ko and any potential -B G Wk (in view of Lemma I3~4l (b) such a 
choice is possible). 

Then (using Lemma f5.4l (a), (c) and (d)) one can find a constant C > such that for any k G R 3 
with k < ko, any potential B G Wk (i-e. bounded ||B||i) and any normalized $ G A/", m 1 - G Ai ± 

sup | ( X) A, (1 - T^ +B )m ± ) | < C(Xk + k 2 ) =: t x , (35) 

xeM,\\x\\=i 



\\PmO- - r i +B ) $ lloo < C(Xk + k 2 + WB^ + Halloo) =: i 2 (36) 



and 



sup ( x ,a,(i-t£+ b )$) 

xeA/\||x||=i 

sup \(x,B,$) -ik{x,A,\($)) +fc 2 r(x,$) + fc 3 s(x,$)| 
xe7V,||xll=i 

+o(fc 3 ) + 0(||B||i)(XO(*) + G(A: 2 )) . 

Next we will show that the first summand will suffice for our estimates, i.e. that there exists a constant 
C > such that 

sup \( X ,A,(1-T£+ b )<P)\ (37) 
xeAf,||x||=i 

> C sup \(x,B,<S>)-ik{x,A,\(<S>))+k 2 r(x,<S>) + k 3 S ( X ,<P)\ =: t 3 . 
xeJV,||xll=i 

Therefore we have to show that for sufficiently small K, ko'- 

h » o(k 3 ) + 0(||B||i)(AO(fc) + 0(k 2 )) (38) 

which we will do next. 

We will prove (J3SJ for A = 1, A = and ||B||i = 0(k) and A = and ||B||i > k separately. 

I s * Case: Assume that A = 1. Then the leading order of t% is obviously greater than or equal to (W, B, ^P) — 
ik(*&, A, A(vE')). The first summand is real, the second summand is (see (fl~5|)) 

-ik J J **(x)yl(x)(l+/3)A(y)*(y)d 3 yd 3 a; = -ifcA t (*)(l + /3)A(*) 

and - since f3 is selfadjoint - imaginary (and not equal to zero). Hence there exists a C > such 
that (*, B, *> - ik($, A, A(*)) > Cfe and ^ holds. 

2 nd Case: Assume that A = and ||-B||i = 0(K~ik). Similar as above there exists a C > such that 
- A: 2 r(x,$) - fc 3 s(x,$) > Cfc 3 . Since in this case ||B||iO(fc 2 ) = C(fc 3 ) equation ([38]) 

holds. 

3 rd Case: Assume that A = and ||B||i > K~^k. Since B G Wk it follows that *) > fc 2 , hence 

5, *) - fc 2 r(x, $) > fc 2 and JSgJ) holds. 
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We next prove (J3TJ) and (J31J). We define 



:= Pl{l-T^ B )-\A<S>) (39) 
h^B) := Pjb{l-Ti+ B )- l (A$), (40) 



with tu > and 11*11 oo = 1- 
It follows that 

(l-T^+ B )(cu^ + h ± (k,B))=A^, 



hence 



and 



snp \(x,A ) (l-T£ B )(u* + h ± (k,B)))\= sup | (x, A, A$) | := C$ 

xeAM|x||=i " xeX,||xll=i 



Using |3T|) and ([3l>f we get 
using and (fMj) we get 
hence 



P^(l-T4 +B )(^ + / 1 ± (k, J B)) = 0. 
i 3 w <t 1 ||/i ± (k, 5)11^ +C$ , 

t 2 \u>\>C\\h ± (k,B)\\ 00 , (41) 



< 3 CJ < ti—LU + Cq, 

w < C^a-^)- 1 . 

Note, that C$ is bounded uniformly in normalized $. To get (f3"Tj) it is left to show that for small enough 
k a ,K 

it < I (42 > 

uniform in fc < fco and _B G Wk- 

We will prove gU) for A = 1, A = and | ,B 1 1 1 + 1 1 S || oo = 0{^fKk) and A = and ||S||i + ||S||oo > v^fc 
separately. 

I s * Case: Assume that A = 1. Then we have that t\t% is of order k(Xk + k 2 + \\B\\i + ||-B||oo) and \t 3 \ is of 
order k (see above). Hence for K small enough (i.e. ||B||i and ||B||oo small enough) and k small 
enough (|42| follows. 

2 nd Case: Assume that A = and \\B\\i + ||B||oo = 0(VKk). Then we have that t 3 is of order fc 3 and t]t 2 is 
of order k 2 (k 2 + \\B\\i + \\B\lao). Hence for small enough K (|4"2f follows. 



3 rd Case: Assume that A = and ||B||i + ||B||oo > VKk, i.e. 

sup |( X ,B,$)|»fc 2 . 

X6Ar,||x||=l 

It follows that sup xgJV - || x || =1 | (x, B, $) - k 2 r(x, $) > k 2 , hence t 3 > k 2 and (gj) follows. 
In view of (|3"Tj) and (|4"Tj) we have that 

||/l X (k,B)||oo<^, 



1G 



which is - in view of !|36|) . (|37| and (gOJ) - exactly (f31j) . 

(f3"2)) and can be verified in a similar way as (131 [) and (f3"Tj) . We define 



with a; > and H^Hoo = 1- 
It follows that 



a,* := P^{l-T^)-\, 
h\k,B) := P^{l-T^ B )-\r 



(l-T A + B )(^ + h^(k 1 B))=nr 



(43) 
(44) 



hence 



and 



sup | ( X , A, (1 - T£+ B ){uV + /i X (k, B))) | = 
xeA/Mlxll=i 



^(l-^ +B )(^ + ^(k,i?))|| OC: = l 



Using ([37]) and ([35]) we get 



t 3 |o;| <t 1 ||ft ± (k )J B)|| 



using (l36|) and (|34]l we get 



hence 



l-t 2 H >C||/i- L (k,B)|| 



C||ft- L (k J B)|| 00 <l-^||^- L (k,B)|| 



(45) 
(46) 
(47) 



In view of (J4"2|) < ^C. It follows that \\h (k, i?)||oo is of order one, which is exactly 
In view of ([33]) and (f45|) we have that 

h 



M < 



which is - in view of ![36|) . I[37| and flS} - exactly f|3Tjl . 
□ 

The Lemma can be written in a much nicer way, separating the different cases A = and A = 1. For 
A = 

Corollary 5.6 Let A £ C with A = (i.e. M C L 2 ). Then there exist constants C,K,ko > and a 
selfadjoint linear map R : Af — > Af such that for any normalized $ G Af, any k 6 R 3 with k < ko, any 
potential B 6 Wk 



P^{l-T^ B )-\An\<C[ t mf 



*eJV,||*||=i 



and 

11^(1 -^+ B )- 1 (^)lloo<C(fc 2 + || J B|| 1 + ||S|| 00 )( ini; 
Furthermore we have for any normalized € .M 



*eAT,||*||=i 



inf 

*ejV,||*||=i 



PjlfB + Rk 2 )^> 



and 



(48) 
(49) 

(50) 
(51) 
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Proof: The Corollary follows directly from Lemma [5.51 Note, that we consider the case Af C L 2 , i.e. 
there exists a selfadjoint linear map R : Af — > TV and a antiselfadjoint linear map S : Af — ► Af such that 
($>,Rx) = r($,x) and = s($)X) for r and s coming from the Lemma. Recall that s(<&, $) 7^ 

for all $ <E A/\{0}, hence ($, 5$) 7^ for all $ € A/\{0} 
Using this and A = we have 

sup I (x, B, *) + r(x, *)fc 2 + s(x, *)fc 3 | = sup |(x, -B + i?fc 2 + 5fc 3 , | . (52) 
xeAf,|bdl=i xeJV,||x||=i 

Note, that 

sup \( X ,B + Rk 2 + Sk 3 ,V)\ > \(^,B + Rk 2 + Sk 3 ,^)\. 
x 6^,11x11=1 

Since B and R are selfadjoint and S is anti-selfadjoint, the first two summands are real, the last is 
imaginary. Furthermore we have that (&,S$>) 7^ for all <f> S 7V\{0}. Hence there exists a constants 
C S K\{0} such that 

sup \(x,B + Rk 2 + S7e 3 ,*)| > Ck 3 . 

xeAT, 11x11=1 

Furthermore we have that 



(53) 



sup \(x,B + Rk 2 + Sk 3 ,^}\> sup \(x,B + Rk 2 ,V)\-k 3 \\S\\ 



Op 



xeA/",||xll=i 

hence with (|53[) there exists a C > such that 



xeA/\||xll=i 



C sup Kx^ + ^ + Sfc 3 ,*)] > sup \(x,B + Rk 2 ,^)\ + k 3 



x6Ar,|| x ||=l 



xeAT,|| x ||=i 



PfrB + Rk z )^ 



> inf 

*eJV,||*|| = l 



(pjfB + Rk 2 ^j * 



Using this formula and A = in Lemma T5. 51 the Corollary follows. 
□ For A = 1 we have for Lemma 15.51 



Corollary 5.7 Let A 6 C and A = 1 (i.e. Af SI L 2 =%). Then there exist constants C,K,ko > such 
that for any normalized <& € Af, any k £ R 3 with k < ko and any potential B £ Wk 



(54) 



and 



iPMl-T^r^A^KCik+n + WBW^l inf \($,B,$)\+k 



Furthermore we have for any normalized m £ AA^ 

\\pUi-t a + b ^ x 

and 



< c 



(55) 



(56) 



(57) 



Proof: The proof is as the proof of Corollarv l 5 . 61 above . using that B is selfadjoint and q is anti-selfadjoint. 
□ 

Next we show, how these corollaries imply the Theorem. First recall (fT5| 

(1 - T^ +B )0(A + B, j, k, •) = x(j, k, •) . 
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Defining 
and 

it follows that 



g(A + B,j > k,.)=T£+ B X (j,K-) 



((A + B, j, k, •) = cf>{A + B, j, k, •) - X (j, k, ■ 



(58) 
(59) 



((A + B,j,k, 



= -(l-T£+»)-'g(A + B,j,k,-) 
= -(l-T£+ B )-iplg(A + B, 3 , k,-) 
-(l-Ti+sytphgiA + BJ, k,-) 

Proof of Theorem 13. 4t Below we shall show that that for A = 



Defining 



|pjl 4 5(i4 + B,i,k,.)||oo<C(*+||B||i) 



^■■=plaA+B,j,k,-) 



(60) 

(61) 
(62) 



and using Corollary 15.61 in ([6"U|) one gets 

ll*fkll < Il4(! - T^ B )^Pl g {A + k, .)|| + ||4(1 - Tg+ B ) ~ 1 Pj^ g (A + B,j, k, ■)! 



< C^ + HBlli) 
+Cfc 2 

< <7(fc + ||B||i) 
and in view of J5 



inf 

*eAM|*||=i 



inf 

*eA/\||*||=i 



P^P. + Rk 2 ) * 
P^P + Rk 2 ) * 



f inf (pLb + PJc 2 W +fc 3 ) 
V*eAT,||*||=i V ^ / / 



(63) 



\\4>(A + B,j,k,-)-$f,d 

< || X (i,k,-)||oo + ||P>C(^ + S,j,k,OIU 

< 1 + || J^(l - T§+ B )-ig(A + B,j, k, .)|| + ||P^(1 - T£ B )^PjUg{A + B,j, k, ■ 

-l 



< 1 + CfeCfc 2 + + ||B||oo) 

< C + CfcdlPld + llPHc 



I inf ( PlB + Rk 2 ) ^ + k 3 ) 
V*eAM|*||=i V ^ / J 



inf 

*gAM|*||=l 



Pjlj-B + Rk 2 )^ 
PjlfB + Rk 2 ) * 



C 



(64) 



These formulas imply the Theorem, it is left to verify ()61|) . Using the equivalence of all norms in the 
finite dimensional space M. we have that there exists a C > and a normalized $ 6 JV such that 



||P" giA + BJMWn < C($,A,g(A + B,j,k,-)) 



In view of (JSHJ) we have 



\{$,A,g(A + B,j,k,-))\ 

= | ($, a, r^xO'. k, 0) + (*> A - Tf +B )xU, k, 0) I 

< | <*, A, T^xC?, k, 0)| + | ((T^ - T^)$, A + P, X (j, k, 0) I 

< I ($,A,g(A + B,j,0,>)) I + I (*,A,Tf +B (xUM ~ Xi)) I 
+ ||(T4-T i 4 )$|| oo ||(^ + P)x(i,k,0||i. 
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Remember, that x(i, k, c) = e* kx multiplied with some (fc-dependent) four-spinor. Hence x(j, k, x-) — 
x{j, 0,x) is of order fc(l + x), thus the second summand is of order k. In view of Lemma 1531 (d) using 
that x(J> ') i s normalized, the third summand is of order (Afc + fc 2 ). It suffices to prove that if A = 

($,A,g(A + B,j,0,>)) = O(\\B\\ 1 ) . 

Therefore we use that xG\0, •) is a generalized eigenfunction of the free Dirac equation with energy 1, 
i.e. (1 - 0)x(j, 0, •) = and thus (1 + /3) X (j, 0, •) = 2 x (j,0,-)- This flU), (J5HJ) and (HD yields 

= i(l^$,A + B,(l + /3)x0*.0,-)> 
= ^/ *A(1 + I3)d 3 x, A + B, x(j, 0, 

+UJ ^(l + ^s.A + B.xCj.O,-) 

i (A(#), A + B, X (j, 0, •)) + ~ / / + /?)rf 3 x, A + B, X (j, 0, •) 



2 
□ 

Theorem 13.51 follows with ([ST)]) and using Corollary 15.71 in (fB"Uf . 



6 /c-Derivatives 

Next we will estimate the fc-derivatives of the solutions of (fT5|) assuming that A and B are compactly 
supported. The results of this section play an important role for the estimate of wave function decay (see 
[T4| and [16]) via stationary phase method. 
For ease of writing we define 



a := 1 + (k + \\B\\x) ( inf 

\*eA/\||<t>||=i 



PjlfB + Rk 2 )§ 



Heuristically deriving (fT5f with respect to k yields d k <t>{A + B , j, k, x). We denote the function we get 
by this formal method by <f>(A + B, j, k, x). 

(1 - T£+ B )<P(A + B,j, k, •) = d feXk + (d k T£+ B )^(A + B,j, k, •) =: h ■ (65) 

Similarly as above one defines 

to get 

C 1 (A + B, j,k, ■) ^ -(1 - T^+^g 1 (A + B,j,k,-) . (66) 

In [5] it is shown that (I66p has a unique solution and that in fact (f> = d k (f>- 

Now cb is controllable via C 1 using (f6"6"]) in a similar way as we controlled 4>(A + B,j, k, •) above (c.f. 
(jBTilO . Let us heuristically estimate HC 1 ^ + B, j, k, for A = to make the result clear, a rigorous 
treatment (which is in fact "not far" from this heuristics) shall be given below in more generality (i.e. 
for higher derivatives, also). Recall that \\4>(A + B,j, k, -)||oo < Ca for appropriate C < oo. Since 

{d k T*+ B )cp(A + BJ,k, •) = (d k Ti k )<t>(A + B,j,k, •) + (dkTEj^A + B,j,k, •) 

= [d k Tij(A + B,j, k, .)]k=o + (O(k) + U(A + B,j, k, OHoo ■ 

In view of ((55)) the first summand is zero for A = and g 1 is bounded from above by C(k + ||£?||i)a . 
Using as above Corollarv l5.6l we get that d k (j) < Ca 2 for appropriate C. 

Heuristically one can treat the higher derivatives similarly, hence we have 
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Theorem 6.1 Let A £ C with A = (i.e. Af C L 2 ). Then there exist constants C,K,kQ > and a 
selfadjoint linear map R : Af — > Af such that for any m £ No there exist C m < oo such that for any 
k £ K 3 with k < ko, j = 1,2, any potential B £ Wk there exists a £ Af with 

\\(l + xy m drHA + B,j, k,-)||oo < C m (k- m + a m+1 ) . 

Proof: We repeat the procedure above which gave us the defining equation for dk<j> (i.e. (|65p) for the 
higher derivatives. We get formally 

dk ((1 " Ti+ B )d>(A + B,j, k, •)) = STxO'. k, •) , (67) 

hence 



((l-T£+ B )c(>( m \A + BJM)=d?x(j,K-)-J2{ ? )d l k Ti+ B dt- l ^(A + B,j,k,.). (68) 
Defining 

f m (A + B,j,k,-):=d^xU,k,-)-J2( ? 9l^ B 4 m " O ^ + S,i,k,0, (69) 

i=i ^ ' 

3 m (A + B,j, k,-) :=T£+ B f m (A + B,j,k,-) (70) 

and 

C (m) (A + B,j, k, •) := 0<™> (A + £?, j, k, •) — f m (A + B,j, k, •) , 

it follows that 

(1 - T A + B )^ m) (A + B, j, k, •) = -g m (A + B, j, k, •) . (71) 

Again [5] shows that the formal differentiations yield the right functions, i.e. (j> m — d™<fi. 
First we will show inductively that there exist C m < oo and <f> m £ Af such that 

||(l + z)- m +\f m (^ + S,j,k,-)IU < M^ + ar 1 (72) 

||«m|| < C m a{k- l +a) m (73) 
||(l + x)- m+1 (0 m (A + 5,j,k,-)-$™)||oc < Cmaik^+a)" 1 - 1 . (74) 



For m = these equations hold (remember that /° = %(j, k, •)) due to Theorem [ 

Next we show, that M — 1 implies M. Assume, that (l?2" |) - (fT4"|) hold for all m < M. Let us verify first 
([72]) for M. For (J69J) we can write 

f M (A + B,j,k,.) := flfx(j,k,-)-E( J ) «+ s af-^(^ + S,i,k,.) 

+Md k T A + B <f> M - 1 (A + B,j,k,-) ■ 
For compactly supported A + B one has in view of ([Tiff for any % S L°° that 



IKi + ^-^sfri+^xlU < llxlloosup 



(l + x)-* 1 ^ |^G+(x-y)|(A(y)+B(y)) 



< CHxIloo. (75) 
Hence using ([TBI and (|74|) for m < M it follows that 

||(i + a 0- M+ V M (^ + £,i,Mlloc 

Af 

= C + ]T Ci^k- 1 + a)™- 1 - 1 + M\\d k T£+ B (cp M -\A + B,j, k, ■) - 9 M _ ± ) ^ 

+A/||0 fe r£ +B * Af _ 1 || • 
< C + Ca(A; _1 + a)^'- 1 + Af||d fe T^ +B <E> M -i || . 
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Below we will show, that [<9 fc T^ fc $] fc=0 = A($) (see ([55)1 ). hence 

= 0(k) + 0(115110 

for all $ G TV. Hence 

|| (1 + x)- M+1 f M {A + B,j, k, .)||oo < C + Caik- 1 + a) M - 2 + C{k + \\B\\i)a{kr l + a) M ~ x . 

Note that a > 1 and (fc -1 + a) -1 < k, hence 

||(l+tf)- M +V M (^ + S,j,k,-)|U < Cik+WBW^aik-'+af 1 - 1 , 

which is (22]) for to = M. It follows that also ||g A /+i|U < C(fc + || J B||i)a(/c- 1 + a) M ~ l . With Corollary 
15.61 we get in view of ([7T|) that 



< Cm^ik- 1 + a)" 1 - 2 < C^k- 1 + a)™' 1 

and 

||(l + x)- m + 1 (0 m (^ + S J j ) k,.)-* n ,)||oo < C^A^+o)" 1 - 1 . 

which are (fTHJ) and (73} for m = M. 

Induction over to yields, that (7_2|) - ((111) hold for all to G N . 

With (73")) and (71)) the Theorem follows easily. Since a > 1 we have that (i) if a > fc -1 the right 
hand sides of ([73]) and (7J]) are bounded by C m 2 m a m+1 , (ii) if a < fc _1 the right hand sides of (73]) and 
(73]) are bounded by C m 2 m ak~ m and the Theorem follows. 

□ 

Again we get in a similar but easier way the respective Theorem for A = 1. 

Theorem 6.2 Let A^C with A = 1. Then the respective statement of Theorem \6.1\ holds with 

-l 



a = l+[ inf |($,5,$)| + fc 
\*eJV,||*||=i 

As above one can make it easier to understand the statement of Theorem 13.41 by restriction on 
potentials which can be written as B^fiBo for some fixed potential Bq and fi G [— fiQ, fio]. 

Corollary 6.3 Let A G C with 1 = 0. Let B G L°° n L 1 with ($, B , $) ^ for all $ G M\{0}. Then 
there exist constants C, (j,q, fco > and constants ji, I = 1, . . . , m < dimA/" suc/i i/ia£ /or any m € No 
£/iere eirisi C m < oo suc/i i/ia£ /or arty k G R 3 with k < fco, j = 1,2, any /i G [ — MO)A*o] ^ere exists a 
<^' k G A" it«'#i 

n h m+lN 

||(l + a: )- m 9r^ + ^o ) i,k,0||oo <C m | k~ m + J2 



This Corollary can now be used to give estimates on the behavior of the generalized eigenfunctions 
for critical potentials multiplied with a factor close to one (i.e. considering the case A + B = A/iA with 
/it « 1). Such potentials are a comparably easy model to estimate physical processes under the influence 
of critical fields with small perturbations. Therefore the literature on Adiabatic Pair Creation (see e.g. 
[T2l [TB] ) deals with potentials A multiplied by a switching factor. We shall give a result suitable for 
such application, imposing further conditions on the potential A which allow us to extend the bounds 
on k e I 3 . The following Corollary shall play an important role in the proof of adiabatic pair creation 
which has been achieved recently [16] 
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Corollary 6.4 Let A G C be positive and purely electric with A = 0. Then there exist constants C,5 > 
and constants ji, I = 1, . . . ,m < dim A/" smc/i f/ia£ /or any m G No t/iere exist C m < oo smc/i that for any 
k e K 3 , j = 1, 2, any /i G [1 - <5, 1 + <5] i/iere exists a G TV with 



ii(i+x)- m flr0(M,j > k,.)iioo<c„ 



m+l\ 



(76) 



^ |^ + 7(fc 2 | + fc 3 

Furthermore there exist $^(k, j, ■) £ JV and C uniform in k G R 3 and G [1 — <5, 1 + <5] so i/iai 

||^(M,J,k,.)-^(k,j,0|| oo <C. (77) 

Proof: For A; smaller than fco the Corollary follows from Corollarv l6.3l and Corollary 13 . 71 replacing /i by 
1 — /i and setting Bo = A. Note, that for positive A one has ($, A, $) > for all $ G A/", hence the 
assumptions on Bq in Lemma 16.31 are satisfied for A. 

Using continuity of the operator T one can find a uniform bound on ||<^)(/x-A, jjk 3 ")||oo 

for k in an 

arbitrary compact subset of R 3 not containing k = (see for example [5]). In [5] it is also proven that 
the left hand side of f7S|) is bounded for k — > oo and the Corollary follows. 
□ 
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Appendix 
Control of $i in ( TT4T) 

Above we showed, that any element $ G Af is in I? if and only if A($) = 0. There we split <f> = 
$1 + x _1 A(<i>). Assuming that $i(x) decays at least as fast as x~ 2 and using $ G B C L°° it in fact 
follows that $ei 2 « A($) = 0. 

Let us now proof that under our assumptions of the potential we always have that < &i(x) decays at 
least as fast as x~ 2 . 
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For $i(x) (c.f (HH)) we can write defining /(x) := (1 + x) 2 A(x)$(x) 



l*i(x)| < 



4n 1 yx 



(l+^+.^a^) I A(x-y)$(x-y)d 3 y 



1 / y-x. 



;; f4M y , (i + /3)^E«4)]^-y)^-y)^ 3 



< 



i / i 



3 



(l + / 3)+i^ ai ^)]/(x-y)d 3 



3=1 



< 1 



y <l 4vr I yx 



i=i 



1+ 2 



1 / y-x 



/>^ /(X - y) ^ 



(l + /3)+^ aj %|/(x-y)d 3 
j'=i ^ 



< 1 



y> 



11/11 



1 y- x , 



y <i 4tt \ yx rrf y ' 



a; 

! - |,+ 2 



Since (1 + x) 2 A £ L 1 n L°° and $e6cI M we have that / € L 1 n Thus $i(x) decays like a;" 2 , it 
follows that <I>i € L 2 . 

Proof of Lemma 15.41 

Next we shall prove the following Lemma, the last points of which are exactly Lemma 15.41 

Lemma 6.5 Let A £ C . Then there exist constants C, C > 0, Co, C\ £ R, a selfadjoint sesquilinear map 
r : j\f x j\f — > C and an anti- selfadjoint sesquilinear map s : j\[ X Af — *■ C with s(%, \) ^ for all \ € A/" 
smc/i ttai /or any k € R 3 iot£/i jfc < 1, any potential B with B £ L 1 n L°° and any normalized h £ L°° , 
normalized m 1 - £ M. and normalized 'J G j\f 



(a) 

(c) 
(d) 



||(ri-l)m ± || 00 >C', 
II -T^h^KCk, 
WPmHoo <c, 



MTl-TfMoc < C(Xk + k 2 ) 
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(e) 
(f) 

(g) 

(h) 
(i) 



I ($, A, (T A + B T A + B )h) \< C(Uh + \\B\\i)(Xk + fc 2 ) , 



■E k 



| <*, A, (1 - T A + B )m^) | < dWAh + WBW^Xk + fc 2 ) , 

11^(1 - Ti+ B )m^ >C- C'(Xk + fc 2 + \\B\U + \\B\U , 

11^(1 - r#+ B )$||oc < C(Afc + fc 2 + HBlli + \\B\U , 

($, A, (T B T#J*) < HBIl! (AO(fc) + 0(fc 2 )) (78) 
and if B = A 

{^,A 1 (T A -T A J^) = -ik(<P 1 A,X{^))+r(^,^)k 2 +s(^^)k 3 + o{k 3 ) , (79) 

($,i4,(l-Tj L + B )*) = -ifc($,A,A(tf)) + r($,*)fc 2 + s($, *)fc 3 

+ o(k 3 ) + \\B\\ 1 (\0(k)+0(k 2 )) . 



Proof of (a) Let k <E M, to 1 - e X 1 . We will prove part (a) of the Lemma by contradiction. Assume 
that for every neN there exists a k < k n < 1 and a function h„ eM 1 with ||/i„||oo = 1 such that 

|| (l-T^JfcJoo < \ > (80) 



i.e. 



lim (l - ) /*„ = . 



Using Bolzano WeierstraB we can assume without loss of generality that k n converges. We denote the 
respective limit by fco- Using that T£ is completely continuous it follows that 

lim (l-T A )h n = Q. (81) 

n—>oc \ K « I 

But the sequence T~ h n is Arzela-Ascoli compact, since 

fcQ 

A := {Ti ka g with g e B, || 5 ||oo = 1} (82) 

is compact in the Arzela-Ascoli sense, i.e. for any e > there exists a 8 > such that 

|/(x)-/(y)|< £ (83) 

for all xjel 3 with ||x - y|| < 8 and all / e A. 

To prove this let e > 0, / e A and let A; e R and gGBbc such that / = T£ g ,\\g\\oo = 1- 
Then 

|/(x)-/(y)| = |T4 o5 (x)-T4 o g(y)| 



I G+J X -z)A(z)g(z)d 3 z- J G+Jy - z)A(z)g(z)d 
G+ kg (x - z) - G+ fco (y - z)) A(z)g(z)d 3 z 



' 3 z\ 



(84) 
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For any £ > we can write 

l/(x)-/(y)| < 



/ (g+ (x - z) - G+ (y - z)) A(z)g(z)d 3 z 

Jz<C 

f (g+ (x - z) - G+ (y - z)) A(z) 5 (z)d : 

/ H (*-z)-G+ feo (y-z))d 3 * 



' Z >C 

< m(z)iuib(z)| 



+ supG+ (x-r)-G+ (y-rJHAWHillfllloo. 

Since Gg fc is integrable, the first summand goes to zero in the limit £ — > 0. Hence we can find a £ > 
such that the first summand is smaller than e/2. 

Since Gt is on any set bounded away from uniformly continuous, the second summand goes for 
any fixed £ > to zero in the limit |x — y| — > 0. Hence we can find for any £ > a 5 > such that the 
second summand is smaller than e/2. It follows that | /(x) — f(y) |< e for ||x — y|| < 5. 

It follows that A is compact (in the Arzela-Ascoli sense). 

Thus there exists a convergent subsequence 



( T E knU) h n(j))j^ 



of (T& h n ) n m with lim^oo T§ 



h. 



By virtue of (|8Tj) lim 



h„u\ = lim, 



(i.e. || ^-|| oo = 1). 
♦oo Ti = h and (1 - )h = 0. Since (1 - T# fco )h = 



has nontrivial solutions only for kg = it follows that fco = and h E TV. 
On the other hand since /i n € M. 

(Af, A, h. n ) = 

for all n E N. With the continuity of the scalar product it follows that lieM 1 , which contradicts to the 
fact that jV"n A4 1 - = {0} and part a) of the Lemma follows. 

Proof of (b) Let h E L°° , A E C. We have using © 

(T£ k -T A )h = |(G+ fc (y)-G+(y))A(x-y)Mx-y)d 3 2 /. 

It follows that 

ll^i-T^IU < \\h\uj | G+ fc (y)-G+(y)|A(x-y)d 3 2/ 

•1 + 1 



< 



-A\\ 



T (Gl(-)-G+(-))|| c 



Note that since A E L 1 n L°° the ||^piv4||x exists. 
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Using the definition of (see (fl3|) ) we have that 



(GU-)-Gt(-))\\ 



+ 1 



p" 1 ' 1 ' I _ <7» . 71 . 



l4;T ,. +T -(^+E^i+^)--- 1 E^i 

\ 2=1 2=1 

1 ifcx / 3 
1 ite_l / 3 

+IIt- £ — -(i + i3)-r 2 V^ 



2=1 

The first summand is of order /c. Since e lfc:E — 1 is of order fcrr, the second summand is of order k and 
part (b) of the Lemma follows. 

Proof of (c) The triangle inequality yields 

Halloo < H-PjLt^lloo + ||fc||oo . 

Since has finite dimension, all norms on this space are equivalent, i.e. there exists a C < such that 
II^JUlloo < C\\Plh\\ =: C sup H^r 1 f A(x)$(x)Mx)d 3 ^ 

< cWhWooWAh sup n^ir 1 !!*^ . 

Using the equivalence of all norms on the finitely dimensional vector-space M. " we have that || A<&\\ _1 ||$||oo 
is bounded and part (c) of the Lemma follows. 

Proof of (i) Let $£jV with ||$||oo = 1- Using linearity it suffices to prove equation (|78|) for B with 

11511! = 1. 

We shall use Taylors formula to estimate ($, B, (T-f 4 - T| fc )*). In view of © 

T i $ = / G+.(y)A(x-y)$(x-y)d 3 2/ , 
i.e. we develop (see (|13|)) around fc = 0, so we need the following derivatives 

v V 2=1 2=1 



3 3 A; 3 



47T \ ^ J x J x E k ^ J x 

2 = 1 2 = 1 2 = 1 



47T 



(85) 
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- — I x(Eh + a.ik— + 0) — i— i— i a, — — x L 

Att \ ^ k ' J x Ei. Ei. ^ 3 x E 3 



3 = 1 



3 = 1 



and 



\ 3 = 1 3 = 1 K ) 



— ^ 2 (£ fc + £ a 3kf +P) + zx—+Y, 

3=1 " 3=1 

k ^ ^ 1 1 /b V 

+x h > ttiX; — 2«— o + 3x — f 

£ fe f-f J J El El> 



a 3 X 3 1 £3 



3 = 1 



e -l( lx ^E k +Y / a J k^+P) + 3x^- 

3 = 1 

3 1 _ k 

+2> atiXj — 3i-=* + 3x 1 — =■) 



By Taylors formula we have that 

(#,s,it*> = M^(^^^*)] fc=0 + ^ 2 [a, 2 (ci>,i?,r4vi,)] fe=o + ( fc 2 

=: ^ + 5 2 +o(fc 2 ). 
For 5*1 we obtain with ([53|) that 

[d k T£ k ] k=Q V = -if 1.(1 + 13) A(x - y)*(x - y)d 3 y = A(*) . 
Si = -lfc<*,B,A(*)) • 



Hence by (TT51) 
For 5*2 we have 



S2 = h 2 (^,B,J[d 2 k G+ k ^~y)] k=0 A(y)^(y)d 3 y^ 

In view of (186|) we have that for any fco > there exists a C > such that 

P 2 G+> - y)] fe=0 | < C(|x - y| + |x - yr 1 ) 

uniform in k < ko. Hence 

[dlG+ k ^-y)A(y)^(y)d 3 y < f 2C|x - y|- 1 |A(y)^(y)jd 3 2 / 

J J|x-vl<l 



'|x-y|>l 

< cHAiuii^Hoo + c 



2q X -yP(y)ci>( y )M 3 y 

(a; + y)^( y )$(y)|d 3 y 



x-y|>l 
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Since (1 + | • \)A £ L 1 and $ E L°° it follows that there exists a C > such that 

J d 2 k G+ k (x-y)A(y)<l>(y)d 3 y < C(l + x). 



Hence 



\S 2 \ < ^k 2 C(*,B,(l + x)) 



Using that B e L 1 and that (1 + x)^ £ L°° (see below (JT5J) ([78]) follows. 
Next we prove (|79p . We have by Taylors formula that 

(*,A,T£ k V) = fc[^(^AT4*)] fc=0 
+o(fc 3 ) 

= : fcg($,^) + fc 2 r($,*) + fc 3 s($,*) + o(fc 3 ) . (91) 

Setting B = A in the estimates above (see (|90|) and below) we get that there exists a C\ € K such that 
<f(<i>, = — ik($>, A, A(^)) and that k 2 r is well defined. Similarly we can show that s is well defined, now 
using that (1 + x 2 )A e L l . 

Using the symmetry of the operator and the symmetry of idk we have that r is selfadjoint and s 
is anti-selfadjoint. 

It is left to show, that s(x, x) ^ for all x e TV. Let \ G TV. We obtain by (|57|l 



6 

6 W 



1/1 



6 \ 4tt 



J (x-y) 2 (l + /3)A(y) X (y)d 3 y,A, X 
J 2j2a 3 (x 3 ~ y 3 )A(y)x(y)d 3 y,A, X 



I : »' — -K.y)\(yK i //- i-x 



" 24^ y y AW(X " ^(sOx'frXl + /?)x(x)d 3 yd 3 x 

3 

/ / A WE 4 W^W^^ -y J )x(*)d 3 yd 3 x 

/ / A ( x ) A (y)x f (y)x(x)d 3 ^ 3 x 

si + s 2 + s 3 . (92) 



For si we can write 



si = -— / / A(x)(x^+y^)A(y)x T (y)(l+/3)x(x)dV^ 



+ 12^ 

Using symmetry in exchanging x with y on the first term it becomes 

i 

^12^ 



A(x)x • yA(y) x f (y) (1 + p)x(x)d 3 yd 3 x . (93) 



^(x)x 2 A(y) X t (y)(l + f3)x(x)d 3 yd 3 x 
^ J A(x)x 2 X t( x ) / (l +/ 3)A(y) X (y)d 3 2/ d 3 x-0 
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by UE). Thus 



Setting 



si = ^ / A(x) X t(x)xd 3 x(l + /3)- / yA(y) X (y)d 3 y 



£ := (127T)- 1 / 2 J A(x)x(x)xd 3 a; (94) 
we obtain 

Sl = i(t(l-/3),Q . (95) 

Since (3 is self adjoint it follows that (£(1 - /3),£) G R, since ||/3|| = 1 it follows that (£(1 - /?),£) > 
hence there exists a C2 6 such that 

si = iC 2 . (96) 
Due to symmetry in exchanging x with y we have that 

S2 =-a 2 = 0. (97) 

For S3 we can write 



S3 = V 
8n 



2 

3„ ' 



A{x) X (x)d 6 x 



(98) 



it follows that there exists a C3 > with 

s 3 = iC 3 . (99) 
This ([M]) and (H7J) in flU} yield that there exists a Ci > such that 

s( X ,x)=iCi. (100) 

Since A was defined to satisfy either (jTBJ) or (117[) it follows taking note of (|94[) and (|95[) as well as (|9"5|) 
that C 2 or C 3 > 0, hence C\ = C 2 + C 3 > 0, i.e. s(x, x) ^ 0. 



Proof of part (d) of Lemma 16.51 

Similar as above we have using Taylors formula that 

(Ti h -1)$ = (Tf-l)<Z> + k[d k (Tij$] k = +O(k 2 ). 

Since $€ JV 

(Ti 4 - 1)$ = . 

It follows that 

(T^-i)* = M*(r4-i)*]*=o + 0(^)11*1100 

and 

IKl^-lJilU < *H[^(ri fc -l)*] fc =olU + 0(A 2 )||*||oo. (101) 
With dSSJ) and © we have that by virtue of ([IB]) 

[9 fe (T4 - l)] fc=0 $ = J /(I + /3)A(y)$(y)d 3 2/ . 

Using (fT5|) it follows that 

[d k {T£ - l)$] fc=0 = 



4tt 
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With (fTUTl) part (d) follows. 



Proof of (e) Using (|28|) and part (d) of the Lemma yields 

| ((t£+ b - lf+>, A,$) | = | (h,A+ B, (T£ k - 7?)$) | 

< UA + BMiUTi^-Tf)^ 

< WhW^WA + B^CiXk + k 2 ) . 

Using the triangle inequality part (e) of the Lemma follows. 

Proof of (f ) Using (J28J we have 

($, A, (1 - T4 +B )m ± ) = ($, A, (1 - T^+ B )m ± ) + (*, A, (T^ +B - T$+ B )m x ) 

= ((1 - 7f)$, A + B, m- 1 ) + ($, A, (T^ 5 - T4+ B )m ± ) 

In view of part (e) we get part (f) of the Lemma. 

Proof of (g) Using the triangle inequality and linearity of Pj^ and T^ +B and (|28p we have that 



1^(1-^)^1100 > ||(l-T#+ B )m- L || 00 -||Pi I (l-^ +B ' 



E,, 



m 



> IKl-Tijm^lU-HTf^lU 

-iipJLa-Tijm^iu 

=: Si-S 3 -5 3 . (102) 
Using part (a) of the Lemma we have that 

Si > G . (103) 

For Si we have 



\i-nB a 



= || J G+ h ( X -y)B(y)m ± (y)d 3 y\\ 
< II / G+ k (x-y)B(y)m ± (y)<Py\\ 00 

7|x-y|<l 



G+ k (x-y)B(y)m ± (y)d 3 y\\ 00 . 

x-y|>l 

Since G + (x) is integrable for all k < kg and bounded uniform in k < kg and x > 1 it follows that there 
exists a constant C such that 

&< CII-Blloo + CfBlh . (104) 

For S3 we use part (f) of the Lemma. Choose $ in part (f) such that A§ is parallel to -PjJ^l — T^m 1 - 
and normalized. It follows that 

I <$, A, (1 - T£+ B )m x ) I = I (*, A, pJUl - Ti+ S )m^) + <$, A, P^(l - Ti+ B )m x ) | . 

Using the definition of Pj^ the second summand is zero, hence (remember that $ was defined such that 
A$ is parallel to P\\(\ - T^+ B )m ± ) 

I (d>, A, (1 - T^ B ) m ^) I = I ($, A, pj[<(l - T^+ B )m^) I = Ti+ B )m ± || = S 3 . 

Using the equivalence of all norms on the finite dimensional vector-space A4" and part (f) of the Lemma 
it follows that there exists a C > such that S 3 < C(||A||i + ||B||i)(Afc + k 2 ). With (fTU2"|) . ([TUg]) and 
()104|) part (g) of the Lemma follows. 
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Proof of part (h) Since $ e A/", i.e. $ = T-± $ it follows with part (c) of the Lemma that there exists 
a C > such that 

11^(1 -T£+ B m\oo = ii^tt^-T^+^iu 

< C||(lf - Tlj^lU + C||(T4 - T^^IU 

=: Si + S 2 . (105) 

For Si we have using part (d) of the Lemma that there exists a C > such that 

Si < C(Xk + k 2 ) . (106) 

52 can be estimated similarly as S2 above. We have 

s 2 - c\\(Ti k -Ti+ B )$\\ 00 = c]\T B k $\\ 00 

= C\\ J G+ k ( X -y)B(yMy)d 3 y\\ 00 

< C\\ [ G+ k ( X -y)B(yMy)d 3 y\\ 00 

J|x-y|<l 

+C\\ f G+ k (x-y)B(yMy)d 3 y\\ 00 . 

J\x-y\>l 

Since G + (x) is integrable for all k < kg and bounded uniform in k < kg and x > 1 it follows that there 
exists a constant C such that 

5-2 < CH^Hoo + CH^IU . 
With (fTUS]) and ([TUB")) part (h) of the Lemma follows. 

Proof of (j) Using that * € M, i.e. * = Tf^ and linearity of T£ in A we get 

(<s>,a,(i-t£+ b )*) = <#,A,(if -3£+ B )*) 

= (*, A, (T^ +B - t£+ b )V) + A, (if - if + s )4<) 

= (#, A, (if - if J*) + <*, A, (If - if J*) - ($,A,T?V) . 

Note, that due to (|2SJ) 

($,A,Tf*) = ($,5, if*) = • 

Using this and (|78|) on the first, (|79|) on the second summand in (|107|) (remember, that we need results 
for fixed A and rather general B, hence the ||(1 — a;) 2 A|| dependence is in the constants) yields part (j) 
of the Lemma. 
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